Abstract. We give a simple formula for the duals of the lters associated with bivariate box spline functions. We show how to construct bivariate nonseparable compactly supported biorthogonal wavelets associated with box spline functions which have arbitrarily high regularities.
Introduction
Let B l;m;n be the bivariate box spline function whose Fourier transform is (For properties of box spline functions, see 3] and 2]. For computation of these bivariate box spline functions, see 4] and 13] .) It is known that B l;m;n generates a multi-resolution approximation of L 2 (R 2 ) (cf. 14]). We are interested in constructing a compactly supported functionB l;m;n generating a multi-resolution approximation of L 2 (R 2 ) which is a biorthogonal dual to B l;m;n in the following sense: Z Z R 2 B l;m;n (x ? j; y ? k)B l;m;n (x ? j 0 ; y ? k 0 )dxdy = j;j 0 k;k 0 (1:1) 1) Department of Mathematics, University of Georgia, Athens, GA 30602. 2) Department of Mathematics, University of Georgia, Athens, GA 30602. mjlai@math.uga.edu.
for all integers j; k 2 Z, where j;k is the standard Kronecker notation de ned by j;k = 0 if j 6 = k and j;k = 1 if j = k and Z is the collection of all integers.
In the univariate setting, for B-spline function B n , biorthogonal dual functioñ B n were constructed in 7] . Also, compactly supported biorthogonal wavelets associated with B n were constructed there. Since bivariate box splines are a natural generalization of B-spline functions, several attempts have been made to construct these types of biorthogonal wavelets associated with box spline function B l;m;n . See, e.g., 6] , 15] , 8] and 16] . So far compactly supported biorthogonal wavelets associated with box spline B 1;1;1 have been constructed ( 8] ). The construction of these wavelets associated with general B l;m;n has remained a challenge since then.
We are furthermore interested in constructing compactly supported biorthogonal wavelets j ; j = 1; 2; 3 and~ j ; j = 1; 2; 3 and two families of FIR lters fM j ; j = 0; 1; 2; 3g and fJ j ; j = 0; 1; 2; 3g with b j (! 1 ; ! 2 ) = M j (e i such that the dilations and translates of the j 's and~ j 's form two dual Riesz bases for L 2 (R 2 ) (cf. 7] for the univariate setting) and the two families form an exact reconstruction of synthesis/analysis lter bank for image/data processing (see 21] and 8].) In this paper, we shall give an explicit formula for b B l;m;n for any given positive integers l; m; and n in x2 and a matrix extension scheme to construct M j 's and J j 's which lead to compactly supported biorthogonal wavelets with arbitrarily high regularities in x3. Finally, we shall give examples of these wavelets in x4. The regularities of these biorthogonal wavelets are studied in x2. The estimate of the regularities is based on an excellent theory developed in 10] . The proof of the fact that these j 's and j 's generate two dual Riesz bases may be based on a straightforward generalization of the arguments for the univariate setting in 7] or based on the multivariate theory in 5] . We sincerely thank the pioneer researchers for their theories which lay a solid foundation for biorthogonal wavelets. We thus concentrate ourselves on the construction of concrete examples while omitting the details of the generalization here. Our contribution in this paper is just the explicit formula together with the matrix extension scheme. 
Let us rst recall a well-known fact that there exists a polynomial P N (y) of degree < N such that We shall give another derivation of this polynomial P N which ultimately leads to the formulation for H and D above. We have We shall study the regularity of the dual functionsB l;m;n in the next subsection. 
Fourier Based Techniques for the
By choosingñ even larger, especially, for any > 0,ñ > (max(l; m) + 1 + )=(1 ?
=2), we can make
Finally, by a straightforward generalization of Lemma 6. 
Construction of Compactly Supported Biorthogonal Wavelets
Let us start with the image/data analysis and synthesis lter bank in Fig. 1 . Lemma 3.3. Suppose that f 0j ; j = 0; : : : ; 3 are polynomials in (z 1 ; z 2 ). Suppose that f 00 ; f 01 ; f 02 have no common zeros in (C) 2 . Then there exist f k;j ; j = 0; 1; 2; 3 and k = 1; 2; 3 such that the matrix f k;j ] 0 k;j 3 is of determinant 1. Theorem 3.5. Let j , j = 1; 2; 3 and~ j , j = 1; 2; 3 be de ned in (1.2) and (1.3) using the M j 's and J j 's constructed above. Let j;k;(`1;`2) (x; y) = 2 ?k j (2 ?k x ?`1; 2 ?k y ?`2) j;k;(`1;`2) (x; y) = 2 ?k~ j (2 ?k x ?`1; 2 ?k y ?`2) for (`1;`2) 2 Z 2 , k 2 Z, and j = 1; 2; 3. Then the j;k;(`1;`2) 's and~ j;k;(`1;`2) 's constitute two dual Riesz bases of L 2 (R 2 ).
Examples and Remarks
Let us explain the detail for constructing compactly supported biorthogonal box spline wavelets. For a box spline function B l;m;n , we have M 0 (z 1 ; z 2 ) = 1 + z 1 2 ? ) + 1 with = log 3= log 2. Therefore,B 1;1;1 2 C 0 . Similarly, we can nd otherñ andm to makeB 1;1;1 2 C 1 or C 2 and so on. We summarize our computation as follows: B l;m;nBl;m;nBl;m;nBl;m;n C 0 C 1 C 2 (1; 1; 1)ñ = 3;m = 25ñ = 6;m = 47ñ = 9;m = 71 (2; 2; 1)ñ = 6;m = 47ñ = 9;m = 71 (2; 2; 2)ñ = 6;m = 53ñ = 9;m = 75 Remark 1. It is easy to see that the size of the two low-pass lters M 0 and J 0 are quite di erent. To balance these two lters, we may factor D into two square roots and factor H into H 1 and H 2 with jH 1 j = jH 2 j. The details will be discussed in our forthcoming paper on the construction of two lters M 0 and J 0 which have the same size.
